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1 Introduction

This thesis is mainly discussing the group of rational points on an elliptic curve. This
includes a brief introduction on affine and projective geometry, with Bezouts theorem and
the derivation of the elliptic curve. After proving some smaller results on the group of
rational points on the elliptic curve, I state and prove Mordells theorem.

2 Algebraic curves

We first start by discussing the geometry of the elliptic curves. This is important for
understanding what elliptic curves are, and how they are derived.

2.1 Projective geometry

The usual cartesian two dimensional plane can be viewed as
A*(R) = {(z,y)|z.y € R}.

This is usually called the affine plane over the real numbers. When talking about cubic
curves in general, we usually use the notation A*(F) = {(a,b)|a,b € F}, where F is a field.
Algebraic curves in over A%(F) is simply defined to be the set of zeros of its polynomial
equation p(z,y) over F. Sometimes we want to extend the affine plane to what is called
the projective plane:

Definition 2.1. The projective plane P? is the set of equivalence classes of F2/(0,0,0),
where F is a field. Two points (z,y,2) and (2',y,2") are equivalent if there exists some
constant X such that (x,y,z) = A2,y ).

This can also be interpreted as the set of lines in A3 that passes through (0,0, 0). It
is common to denote the elements of P? as (z :y: z). This is interpreted as the ratios
between the three coordinates. We see that the elements of P? are not well-defined by the
coordinates, but rather the ratios between the coordinates. The reason we are considering
the projective plane can be illustrated by the following case: Say you want to find the
intersection points between the following curves

vV =ar*+1, y=uz. (1)

These curves do clearly not intersect in the affine plane over the real numbers, but they
are still asymptotic to each other. Intuitively they will interesect at infinity. These
intersection points can be found by extending the affine plane to the projective plane. A
curve

f(as,y,z)z()

defined over the projective plane is called a projective plane curve and is a homogeneous
polynomial. In algebraic geometry the set of zeroes of a polynomial equation is usually



called an algebraic variety. Let U, = {(z : y : 2) |x # 0}. Then every element P € U, can
be described as P = (1:y: z). We define the sets U, and U, similarly, and we see that
P? = U, UU, UU,. Now we define the line at infinity in P?:

L =P\U,={(z:y:2)|z=0}

We see that there exists a bijective map (z : y : 0) <> (z : y) between L, and P. It follows
that
P? = Lo UU.

We can define a injective map A? (F) < U, by mapping (x,y) — (z : y : 1). This map is
obviously not bijective since there are no corresponding element to (z,y,0) in A? (F). We
therefore construct a corresponding point at infinity to (x : y : 0). We denote this point
at infinity as @. We complete the section by considering (1) again. If we consider the
equations over the projective plane, we can set denote z and y as v = X/Z, y = Y/Z
and multiply up the factors of Z. By this we are homogenizing the curves. From this we
obtain the following set of curves in the projective plane:

Y2=aX?’+27% Y =X

For a = 1 we get the solution (0:0:0), and for &« = —1 we get (1:1:0). These are our
points at infinity.

2.2 Intersection numbers and Bezouts theorem

Let C and C5 be affine curves of degree d; and ds respectively over a field &, such that
Cy: fi(z,y) =0, Cy @ fo(x,y) = 0. Then we set f; = 0 = f5 and consider the number
of points (x,y) that satisfies these equations. We denote this set of points as C; N Cs.
By considering f; as a polynomial in y with coefficients in z, we should intuitively get
dy roots yi(x), ..., yq, (z) in the closure of k. Plugging these roots into fy should give d;
polynomials fo(x,y;(x)). One may intuitively think that this results in d;ds solutions.
However, terms may cancel and things may get more complicated. Consider the three
following cases:

L filv,y) =a+y+1=0,  folv,y) =2’ +y*-1=0,

2. filz,y) =2+1=0,  folz,y) =2 -y =0,

3. filv,y) =z +y+1=0,  folz,y)=22"+ay -y’ +4z +y+2=0.
In the first case we substitute y = —z — 1 and we get {0, —1} as solutions for = in fs,
so we have two solutions. In our second example, substitution x = —1 gives only one
solution in (z,y). Checking for any solutions in points at infinity, we can homogenize the

curves by setting * = X/Z and y = Y/Z and multiplying up the factors of Z such that
we transform the affine curves into projective plane curves instead:

X+Z=0, X?-YZ=0



This gives solutions (—1 : 1 : 1) and (0 : 1 : 0). In our last example we have that
20 + oy — P +4r+y+2=(r+y+1)(2z —y + 2), so the solutions of f; is contained
in fy. Substituting x = —y — 1 therefore only result in 0 = 0. This implies that all points
(x,y) that satisfies fi(x,y) = 0 will also satisfy fao(x,y) = 0.

We now want to define the intersection number I between two curves at the origin.
Let f,g € A%(k) be two polynomials where f and g have no common factor h such that
h(0,0) = 0. If F(k) denotes the set of pairs of such polynomials over a field k, then it
can be shown that there is a unique map I : F(k) — N such that the following holds

I(z,y) =1,

I(f.9) =1(g. f), V(f.9) € F(k),

o I(f.gh)=1I(f,9) +I(f.h), Y(f.9),(f h) e F(k),
I(

I(f,

Lg+nhf)=1(f9), Y(f g) € Fk),hecA*k),
9) =0, ¢(0,0) #0.

The proof can be found on p. 9-10 in [2] and is using theory of resultans which I will not
go into. We further denote 1(C} N Cy, P) to be the intersection multiplicity between the
curves C and Cy at a point P = (a, b) that lies on both C} and C3. We define it to be

I(CyNCy, P)=I1(f(x —a,y—b),9(x —a,y —b)). (2)

Summing all the intersection multiplicities over the points P that lies on both curves,
we get the intersection number. Since the map I requires that f and g have no common
factor, the following theorem will also assume that the projective curves have no common
factors.

Theorem 2.2 (Bezouts theorem). Let C' and D be two projective curves with no common
factors over an algebraically closed field k. Then we have that

> I(Cy N Cy, P) = deg(Ch) - deg(Ch).

PeC1NCy

The proof of the theorem will follow as the proof of the next five lemmas.
Lemma 2.3. Consider the following affine curves with no common factors:
C:fl(xay)zov O:fg(l',y):(),

with degrees dy and dy respectively. Let R = k[x,y] and consider the ideal in R generated
by fi and fy. Then we have that

#(CyNCyNA?%) < dim < ) < dids, (3)

R
(f17 f2)
where #(C1 N Cy N AQ) is the number of points in A% that coincides with Cy and Cs.



Proof. Let Py, ..., P, be all of the m points in C;NC5. Then we can construct polynomials

h; such that
1, i =7,
hi(F;) = o
0, 1 # 7.
These polynomials forms a linearly independent set modulo ( f1, f):

Clh'l + thm € (fl?f?)

Plugging in P; gives that c¢;h;(P) must equal zero, so we have that ¢; is zero. Iterating
over all P; where 1 < i < m, we get that all ¢; equals zero. This proves linear indepence
of {h;},, so we have that

m < dim ().

The left inequality of (3) follows. To show the right inequality, we define

o $(d) = (d+1)2(d+2),
e R, = vector space of polynomials f(z,y) of deg f < d,
o Wy=Ry_a 1+ Ri—a, o,
for every integer d > 0. One quickly see that dim R; = ¢(d): The intuition behind the

following equation is by considering all choices of z, and then iterating over the possible
degrees of y, given that deg f < d:

dide:il- <di1> :d+(d—1)+...1:wz¢(d)

Since f; and f; has no common roots, we have that R;_g4, fi N Ry4_4, fo must contain fi fo
in each element of the set. Each element may contain polynomials in the vector space
Ra_a,—d,, S0 we get that

Ri—a, 1 N Ri—ay fo = Ra—dy—dy J1/2-
We then calculate dim Wy for d > dy + ds:
dim Wy = dim (Rg—q, f1 U Ry—a, f2) = dim Rq_q, f1 + dim Ry_g, fo — dim Ry_q, —a, f1f2

= ¢(d —dy) + ¢(d — dy) — d(d — dy — dy),
so we get that

dim Ry — dim Wy = ¢(d) — ¢(d — dy) — ¢(d — da) + ¢(d — dy — ds) = dyds

Now consider the elements g; € R, 1 < ¢ < didy + 1. Taking these elements modulo
(f1, f2), we can find representatives for these elements that has maximal degree less than
or equal to d = dyd,. This means that those representatives lies in Ry, but we have shown
that dim Ry — dim W, = d;ds, which implies that the set {g1, ..., g4,4,+1} must be linearly
dependent. O



Lemma 2.4. The inequality

dim ((flfzfQ)) S dldg

can be improved to an equality if Cy and Cy does not meet at infinity.

Proof. Let f(x,y) be an arbitrary non-zero polynomial and let f* be the homogeneous
part of highest degree n, such that

f(xa y) = Z Ci,jxiyj, f*(x, y) = Z CZ'J.’L’iyj
1,J

i+j=n

Then f*(x,y) can be factored into linear factors since we are working over the algebraic

closure of k: .

fo(x,y) = [ [ (i + biy)

i=1
Recall that the the line at infinity is the set of points

Loo ={(x:y:2)|z=0}.

We see that the points (b; : —a; : 0) € Ly are the points at infinity on f: Let z = X/Z,
y =Y/Z. Then we have that

n

f(QT, y) = H(azaz + bly) + Z ci,jil?iyj =0

i=1 i+j<n
By homogenizing the equation, we get that

n

H((ZZX + sz) + Z ZniiijC@inyj = O,

=1 i+j<n

so (b;: —a; : 0) is clearly the solutions at infinity. Now consider C; and Cj with the
corresponding homogeneous parts:

n m

filz,y) = H(ai,liﬁ + bi1y), fa(@,y) = H(ai,ﬂ + bi2y).

i=1 i=1

Assume () and C does not meet at infinity. Then f;" and f; clearly can not have any
common roots. We now show that (fi, fo) "Ry = W, for d > dy +ds: Let f = g1 f1+ gafo
be an element of R; where g; and gs is of lowest possible degree. Then if deg g; > d — d;,
then degg;fi > d, so it must be the case that ¢7f; + ¢5f5 = 0. Since f; and f; are
coprime, we have that ¢f = af; and g; = —af; for some number a € k. Then it follows
that

deg(g1 — afs) < deg(g1), deg(gs + afi) < deg(go)

This contradicts that ¢g; and go was of lowest degree. Therefore we have that deg ¢g; < d—d;
and it follows that f € Wj.



We complete the proof by showing that if (f1, fo) N Rq = Wy and d > d; + dy, we have

that R
dim ((f17f2)) = i

From the previous lemma, we know that there are d;dy elements in R; modulo W,. If
(f1, f2) N Ry = Wy, then they are also linear independent in R modulo (f1, f2), so we get
that dim R/(f1, f2) > didy. This proves the equality. O

Lemma 2.5. The following inequality holds

> I NGy, P) < dim (

PcCiNCyNA2

(fff2)>

Proof. Let K denote the field of rational functions of  and y. Define the local ring Op
of a point P = (z,y) to be the set

op—{f(x’y)’gw)ﬂ}

9(z,y)
We show that Op is a subring of K. Let
_ AP _ f(P)
W=y ey

be arbitrary elements of Op. Op is clearly non-empty, so we have that

_ fi(P) + _fz(P) _ f1(P)ga(P) — fo(P)g1(P)

¢1(P) + (—¢2(P)) 7(P) g1(P)) 0 (P)oal D) € Op,
_ [i(P)fa(P)
$1(P)¢2(P) = 0 (PraalP) Op.
It follows from the subring test that Op is a subring of K. Now define the map
¢ — o(P)

We show that the map is a homomorphism. Let ¢, ¢ € Op, a € k. Then we have that
(9p) = (99)(P) = o(P)p(P)
(¢ +¢) = (¢+¢)(P) = o(P) + ¢(P)
(k¢) —= (k@) (P) = ko(P),
which proves the statement. We further define the kernel of the map:
Mp = {¢ € Op|p(P) = 0}.

The first isomorphism theorem says that Op/Mp = k, so we have that Op = k + Mp is
a direct sum.

Now let
(f1, f2)p = Opfi+ Opfo = {1 fi + hafalhi, ho € Op}



be the ideal in Op generated by f; and f,. It can be shown that our definition of
intersection multiplicity in Definition 2 coincides with

I(Cy N Cy, P) = dim (Ulo—]f?)P) .

From Inequality (3) I(Cy N Cy, P) is clearly finite. We now show the that

i ((ffl)) = dim ((ffm) |

Let g1/h1, ..., gn/hy, be linearly independent elements in Op/ (f1, f2) . Then you can find
the common denominator such that the the linearly independent set becomes g1 /h, ..., g,/ h.
Then gy, ..., g, forms a linearly independent set in R/ (f1, f2). Now assume gy /h, ..., g,/h
span Op/ (fi1, f2)p. It is clear that 1/h € Op, so we have that g, ..., g, must span

OP/ (fla f2)p~

Let now P ¢ C; N Cy. Assume without loss of generality that f;(P) # 0. Then there
exists g € Op such that

gfi=1
Hence, 1 is contained in (f1, f2)p, so (f1, f2) p generates Op. It follows that

, Op . (Op
I(ClﬂCg,P) = dim (m) = dim (O_P> =0

Let now P € C; N Cy. Then we have that fi(P) = 0 and f3(P) = 0, so both f; and
fo are contained in Mp. Hence,

(f1, f2)p C Mp,
so (f1, f2) is contained in Mp. We then have that

= dim Op = dim
I(CyNCy, P)=d ((f1,f2)) d (

= dim —k m —MP = im —MP
=i (g ) +am () =1+ am (),
with equality if and only if Mp = (f1, f2) p-

k+ MP)
(f1, f2)

Now we show that for an exponent r > dim (Op/(f1, f2)p), we have that M} C
(f1, f2)p. Let t1,...,t,. be a collection of r elements in Mp. Define J; to be a sequence of
ideals in Op:

Ji = tita..t;0p + (f1, f2) P,

where J..1 = (f1, f2) p. Then we get that
Mp 2D Ji DD Jrr = (f1, fo)p.

Since r > dim(Mp/(f1, f2) p), we must have that J; = J; 1 for some i, 1 <i<r. Ifi=r,
then we have that t1ty...t. € (f1, fo)p. If i < r, we get that

ti by =ttt + ¢, o€ Op,p € (fi, f2)p



From this we have that ;...t;(1 — t;11¢) = ¢ € Op. Since (1 —t;11¢)(P) = 1, we get that
(1 —t;416)~! € Op. Then the following holds

trotity = Yt (1 — ti10) L € Op.

Let Pc CiNCyNA2Z ¢ € Op. We show that there exists g € R such that

g = ¢ (mod(fi, f2)p), (4)

g =0(mod(fi, f2)g) VQ#P, QeC;NCynA” (5)

Lemma 2.3 shows that there are at most d;d, points in C; N Cy N A2, From the same
lemma, we also have that there exists a polynomial h(x,y) € R such that h(P) = 1 and
h(Q) =0 for all @ € C1NCyN A% Q # P. Tt follows that h™! € Op and h € My,.
For r € Op we have that h™" € Op, and we have shown that h" € (fi, fa)q for all
other points @) if r is large enough. Then there exists a polynomial f € R such that
f = o¢h " (mod(f1, f2)p). Setting g = fh" gives the desired result.

At last we show that 0
R— [ — (6)

PeC1NCoNA2 (fl ’ f2)P

is a surjective map given by

f — (,f mod (fl’f2)P7"')PeCmCmA2 .

Let J be the kernel. Then we have that (fi, fa) C J, so dim R/(f1, f2) > dim(R/J).
Surjectivity follows from having showed there exists ¢ € R with the properties as in
Equation (4) and (5). We get that

Op

. R : _
dlmj = zp:dlm AT XP:I(CH NCy, P),

which proves our inequality. O

Lemma 2.6. The inequality of Lemma 2.5 can be extended to an equality:

ST I(GiN G, P) = dim (L)

PeCiNCeNA2 (f17 f?)

Proof. Proving this is equivalent with showing that the kernel J is (fi, f2). Since we
already have that (fi, fo) C J, it remains to show that J is contained in (f1, f2). Let
f € J. We consider the following set

L={g<€Rlgf € (fi,f)}

and prove that 1 € L. We start by showing that L is an ideal in R and that (fi, f2) C
L C R. L is clearly non-empty. If g1, g2 € L, we have that g1 f,g92f € (f1, f2), so we have
that

af+gf =G +g)fc(fi,f),



so L is an additive subgroup of R. Now let g be an element of L and h be arbitrary in R,
then we get that

(hg)f = h(gf) € (f1. f2),

so it is an ideal in R. The statement (fi, fo) C L C R follows easily from the definitions
of L and R. We now show that for every P € A?, there exists g € L such that g(P) # 0.
If P ¢ CyUCs, then it is trivial. If P € C; N Cy, then the dimension of the map in the
previous lemma is nonzero. Hence, there exists a polynomial g € R which does not map
to zero in Equation (6).

We now prove that 1 € L. We know that (f1, f2) C L, so dim(R/L) is finite. Assume
for contradiction that 1 ¢ L. All of the powers of z can not be linearly independent
modulo L, so we have that

"+t +e, € L.

Since k is algebraically closed, we have that (x —aq)...(x—a,) € L. If 1 € L+ R(z —a),
we must have that 1 € L, which is a contradiction, so there is an a € k such that 1 ¢ L+
R(z—a). Similarly, we can show that there isan b € k such that 1 ¢ L+R(x—a)+R(y—b).
Let P = (a,b). We show that g(P) = 0 for all g € L: We have that

9(z,y) = gla+ (z —a),b+ (y = b)) = g(a,b) + g1(z, y)(x — a) + ga(, y) (y — b),

so we have that g(a,b) € L. This contradicts that there always exists ¢ € L such that
g(P) # 0 for P € A% Hence, our assumption that 1 ¢ L is false. Since 1 € L, we have
that f € (f1, f2) and it follows that J = (fi, fa). ]

Lemma 2.7. The intersection multiplicity is invariant under projective transformations.

Proof. We need to describe K, Op, Mp and ( f1, f2) p in terms of homogeneous coordinates.
Set
r=X/Z, y=Y/Z,

and let k[X/Z,Y/Z] be the subring of k(X,Y, 7). Denote K = k(x,y) to be the set of
rational functions ® = F//G in X, Y, Z, where F' and G are homogeneous of same degree.
If ¢ € K, then we have that

ol ZPX/ZY)Z) F(Xv.Z)
gley)  Z9(X/2.Y]Z) ~ G(X.Y.Z)

We say & is defined at P if G(P) # 0. Further denote Op and Mp as

Op = {CD = g € K|G(P) # 0},

Mp = {® € K|®(P) = 0}.

Let P = (a,b) = (a : b:1) € A%, Then we see that our new definitions of Op and Mp
coincide with our earlier definitions. Let C; : F} = 0, Cy : Fy, = 0 be two curves in P? with
no common factor. Then we have that fi(z,y) = Fi(z,y,1) and fo(x,y) = Fa(x,y,1).
Further define

F
(F1, Fy)p = {5 € Op

F=HF+ HQFQ}



We then have that (Fi, Fy)p = (f1, f2)p is the ideal in Op generated by f; and fo for
P € A% One may notice that (Fy, Fy)p can not be the ideal generated by F; and F
itself, as F1(X,Y,0) and F5(X,Y,0) is not defined in Op. Further, define the intersection
multiplicity of C; and Cy at P € P? as

Op

[(C, N Cy, P) = dim — =
(G101 Gy, P) 7. Fo)r

which coincides with our earlier definition of P € A%, We now show that Op and (F}, Fy)p
are independent in choice of coordinates in P2, which further implies I(C} N Cy, P) is also
independent. Let (x,y, z) — (a1 + by, asy + be, azz + b3). Then

(F1, F2) = (Fi(a1x + by, agy + bo, 1), Fo(arz + by, agy + b2, 1)

As the z-coordinate will be invariant under change of coordinates, we have that (F}, F»)p
will remain an ideal in Op. As P will have the same change of coordinates as the fraction
of polynomials in Mp and Op, we have that the sets must be invariant and equal. We
now show that there is a line L € P? which does not meet C; N Cy. We can then set L to
be the line at infinity, such that we reduce the case for which Bezout’s theorem is already
proved. First, let S be a finite set of points in P?. Since k is an algebraically closed field,
it is not finite and we can find such L. We set this L to be the line at infinity. It then
follows from Lemma 2.3 that C; N Cy is finite, which completes the proof. n

2.3 Elliptic curves

We start by considering the general homogeneous cubic curve C in P?(k):
C: agx?’ + alQOy + aszZ + a3y3 + a4xy2 + a5y22 + a6z3 + ayyZQ + a8x22 4+ agryz =0 (7)
over a field k. Denote the left hand side as F'(z,y, z).

Definition 2.8. The line

OF(P)
or

OF (P)
dy

OF(P)
0z

(x —a)+ (y—b) + (z—¢)=0

is called the tangent line of F' at point P = (a,b,c).

We prove that if F'(0,1,0) = 0 and the tangent line to (0:1:0) is Ly : 2 = 0, then
we can reduce Equation (7) to

V22 + axyz + apy? = 2 + asx’z + asxz® + a2’ (8)

Proof. We first note that since (0 : 1:0) € C, we have that az equals zero. Recall that
U, = (x : 1:y) and that there exists a bijective mapping (x : 1 : z) <> (x, z) between U,
and A%, By taking the union of U, and C, we reduce Equation (7) to the following form

Qx> 4 4122 4 G922 4 Gux + G52 + 462> + a72° + agrz? + agr = 0, (9)



then the tangent line at (0: 1:0) is equal to
d4$ + &52 =0. (10)

Since we assumed that the tangent line was equal to z = 0, we have that a4 is zero and as
being nonzero. It can further be shown using intersection theory that a; will equal zero
and ag is nonzero, so we get that

a0 + a9z + a5’z + G62° + a7yz® + agx2® + Ggryz =0,  ag, a5 # 0.
Dividing by ay and mapping z to —g—gz gives our result:
Y2z + boxyz + biyz® = 2 + b’z + bywz® + by2? (11)
O
Cubic curves on this form are usually called elliptic curves. Since we will primarily be

dealing with elliptic curves over Q, we have that char(k) # 2, 3, so the following mappings
are allowed

b

r=u1a, y=y — =2/, z2=2.
2

We end up cancelling the zyz-term on the left hand side of Equation (11):
b b b
(y/ . on/>22/ + boiC/(y/ o EOX/)Z/ + bl(y' N 501_/)2/2
b2 b2 bob
_ yIQZ/ . bQ.CIZ,y/Z/ + Z037/22/ + box'y’z’ _ 503:/22,/ + b1y12/2 _ %.CE/ZIQ
_ y/2zl . bz(%$/2zl + blylZIZ o %xlzﬂ

By moving the 222’ and 2’2">-terms over to the right side, we have reduced (11) to the
following form:
Y2z + by = a2 + b’z + boxz? + bs2®

We can now cancel the yz2-term on the left hand by letting y = v/ — %0:

Y’z = 2% + b’z + bz’ + by2® (12)
At last, by substituting z = 2/ — %0, we can reduce Equation (12) to
y?z = 2% + bowz® + b 2? (13)

In the projective space we can dehomogenize, such that (x : y : z) corresponds to
(x/z :y/z: 1), for z # 0. By substituting (z,y) = (z/z,y/2), we get that the previous
equation is equivalent to

y* = 2% + box + by. (14)

This equation is usually denoted as the Weierstrass normal form. When discussing elliptic
curves [ will usually consider elliptic curves on this form.



2.4 The discriminant

Let f(z) = 2% + ax? + bx + ¢ be a function with the corresponding roots ay, ag, a3
flx)=2*+ar® + bz +c= (v — 1) — o) (r — az). (15)
Then the discriminant D of f(x) is defined to be
D = (a1 — ap)?*(ag — a3)*(az — ay)?. (16)

Using that f(x) = 2% + ax® + bz + ¢, we get the following relations from Equation 15

® (V1(0g(x3 = —C,
® (¥1(g + (aig3 + xy(ig = b,

® (| + (g + (i3 = —a.

It can further be shown that the discriminant can be expressed as

D = —4a® + a*b* + 18abc — 4b* — 27¢° (17)
Observe that assuming D is nonzero is equivalent with f only having simple roots. For
discriminants restricted to elliptic curves, we only have to cancel the terms containing a.

Definition 2.9. A point on a cubic curve E is said to be singular at point P if

OF(P) 0 OF(P) 0 OF(P) 0
or oy 0z

A curve that contains no singular points is called a nonsingular curve.

Theorem 2.10. Every elliptic curve on the form (13) is nonsingular, if 27b% + 4b% # 0.

Proof. We try to find a criterion for a singularity point. Setting the partial derivatives
equal to zero, we have that

3% 4+ bpz? = 0, 2yz =0, y* — 2bprz — 3b1 22 =0

Since we are in projective geometry, we have that z # 0. Since the ground field is an
integral domain, we have that y = 0 from the second equation. We then square the third
equation:

4bia® = 9 2*
Using that the first equation equals

b022
1’2 = -

3
Plugging this into the third equation and dividing by 22, we get that

27b7 + 4b; = 0,

so assuming this is not the case, we have that any elliptic curve on the form as in Equation
(13) is nonsingular. This further implies that the curve only has simple roots. O



3 The group law

The group structure on an elliptic curve is often motivated by a geometrical approach:
Given that we have two rational points P, Q on a cubic curve, we can consider the line
intersecting these points. If P = (), then we consider the tangent line. This line will
intersect a third point R = P % (). Now consider the line connecting O and R. This will
intersect a third point, which we denote by P+ (). This way of defining addition is usually
referred to as the composition law.

Proposition 3.1. The composition law is an additive group, where the point at infinity
15 the identity.

Proof. For P € E, we first show that P4+ O = P. By how the composition law is defined,
we have that P x O is the reflection of P along the x-axis. Then P + O is the reflection
of this reflection, which results in

P+0O=P

Now let P and () be arbitrary points on a cubic curve E. Then P + ) and @ + P will
intersect at the same point R and therefore give the same reflection along the x-axis, so
the composition law is commutative. We must now show that for all points P on E, there
exists another point R such that P + R = 0. Consider the vertical line through P. This
line intersects E in the points P, O and R. Then we have that

P+(O+R)=P+(-P)=0

Proving associativity is the most tedious part. The geometric proof is as follows: Assume
that we have a general cubic curve as in Equation (7)

F(X,Y,Z) = aoX? + ...+ ag XY Z

Lemma 3.2. If two cubic curves in P? intersects in nine points, then every cubic curve
which passes through eight of those points will also pass through the ninth point.

Proof. Assume that you have eight points P; = (24,9, 2:), 1 < ¢ < 8 that are in 'general
position’; that is, the the vectors v; = (z3, 2%y;, ..., z;%:2), 1 < i < 8 induces a linearly
independent set of vectors. Then the eight points imposes 8 conditions on F'. Assume
Fi(X,Y,Z) and F5(X,Y, Z) are two cubic curves that passes through the 8 points, then

any other cubic curve F' can be expressed as
F(X,Y,Z) = (XY, Z) + uFy(X,Y, Z)

Fy = 0and F; = 0 have 9 points in common including the trivial point, so /' = 0 obviously
passes through all of them. m

Consider then the following diagram



Q+R

P A
a °
oB
Q R QxR
b
PxQ P+Q O
C

1 m n

Where a, b, ¢, 1, m, n are lines and the rest are points on a cubic curve C'. Observe
that when P, () and R are defined, the rest of the diagram is known. We know that

P+(Q+R)=A,
(P+Q)+ R=0B,

so it remains to show that A and B has to be the same point. Consider now the equations

IX,Y,Z)=0,..,a(X,Y,Z) = 0. Let
R(X,Y,2) =UX.,Y, 2)m(X.,Y, Z)n(X,Y, Z) = 0,

R(X,Y,Z) = a(X,Y, 2)W(X,Y, Z)(X,Y, Z) = 0.

Then F} and Fy passes through 8 of the points, and by Lemma 3.2 it must pass through
the ninth point. Hence, A = B, so we get that

P+(Q+R) =(P+Q) +R

This completes the proof for associativity. n

4 The duplication formula

Now that we have defined the group operation, we can let a line that intersects the curve

generally be defined as
L:y=X+pu (18)

Setting this equal to an elliptic curve C, we can express the coordinates of the third
intersection point in terms of the other intersection points betweeen this curve and L:

C:y"=0Nz+p?=2>+ar’+bx+c (19)



2+ (a— M2+ (b -2 w)x+ (c—p®) =0

If 21,209,753 are the three intersection points, we have that
a:1+x2+a:3:)\2—a,

r3 =M —a— 1 — 29, (20)

and from Equation (18) we get that
ys = Ax3 + p. (21)

We want to consider adding two identical points in the group. This will become useful
when we later define the height. Let

y=Ax+

be the line connecting the two points. Then the slope of the line connecting those points
will be the tangent line:
- dy 322 +2ax +b
Cdr 2y
Define x(P) and y(P) to be the x- and y-coordinate for a point P respectively. From

Equation (20) we have that

(322 + 2ax + b)* — 4y*(2x + a)

r(2P) =\ — 27 —a = 107
Y

(322 + 2ax + b)* — 8z* — 12az® — (4a® + 8b)bx* — (8¢ + 4ab)x — 4ac
423 + 2ax? + 4b + 4c

o' —2ba® — 8ca 4+ b — dac
= 1
This will be important when using height-functions to prove the Descent- and Mordell’s
theorem. Next we express y(2P) in terms of = and y:

(22)

Ys = y(QP) = =13 — {1,

2 2 4_2 2 2_4
?J(QP):—)\-OJ(QP)—,MZ—(&U * ax—i-b) (55 bx® — 8cx +b ac

—(y—A
2y 4y? ) =)
(32% + 2ax + b)(z* — 2bx? — 8cx + b* — 4ac) + 8y* — 8\xy?
8?3
2% — 2ax® + 5bx? + 20cz® + (20ac — 50%)x* + (8a*c — 4bc — 2ab®)x 4 4abe — b — 8¢
8y?3

(23)

This expression is clearly more complicated to work with than the expression for z(2P).
It is therefore natural to consider x(2P) when working with height functions for elliptic
curves.



5 The Descent theorem

The descent theorem mainly consists of five different lemmas. If a commutative group sat-
isfies all of these lemmas, the Mordell theorem tells us that the group is finitely generated,
which is the main result of this thesis.

We start by defining height. The use of height-functions is one of the cornerstones in
proving the Descent theorem.

Definition 5.1 (Height). Let x = m/n written in reduced form, that is, ged(m,n) = 1.
Then the height H of x is defined as:

H(x) = max{|m], |n|}
It will often be convenient to compare the height of H(P + @) with the product
H(P)H(Q). We therefore define the logarithm of the height function as h:
h(P) =log H(P) (24)
Lemma 5.2. If (z,y) is a rational point satisfying
y? = 2° + ax® + b +c, (25)
then there exists integers m,n and e such that (z,y) = (m/e*,n/e®) is the reduced form

of (m,n).

Proof. Let (z,y) = (m/M,n/N), n,M,m,M € Z be written in reduced form. Substi-
tuting this into (25) and multiplying out the denominator gives that
n?M?> = m3N? + am?>N?M + b N?M? + ¢N*M?3.

Since we can factor out N2 from the right side and N and n are relatively prime, it follows
that N? has to divide M?3. Further we see that

M(n*M? — am?N?* — bnN*M — cN*M?) = m*N?.
Since m and M are relatively prime, M has to divide N?. Further we have that
M?*(n*M — bmN? — cN?M) = m3N? + am?N*M.

We already know that M divides N?, so we must have that M? divides N2. At last we
have from our original equation that M3 has to divide N? since it divides all other terms
on the right side. It follows that N* = M3. Further let e = 4%, then we get that

N? NY?
N:NW:(M) =

N2 N? N\>
M_MW_W_(M) =

which proves the lemma. ]



Now, let P = (z,y) = (m/e?,n/e*), m,e,n € Z be an arbitrary point on an elliptic
curve. Then we have that

|m| < H(P) and €% < |e|* < H(P).
Which leads to the upper bounds of |e| and |m| in terms of H(P):
m| <H(P) and  |¢] < H(P):. (26)
We can also give an upper bound for |n| in terms of H(P): Substituting (z,y) =
m/e?,n/e*) into Equation (25) and clear the denominators. This results in the equation
n* = m® + ae*m? + be* + ce®.
Taking the the absolute value of both sides gives:
In?| = |m® + ae*m?® + be* + cef|

< |mf* + lalle]*|m[* + [ble]* + |elle]® < H(P)*(1 + |al + [b] + |c])-

Letting K equal \/1 + |a] + |b] + || results in

3
2

In| < KH(P)=. (27)

Lemma 5.3. For all M € R, we have that
{PeC(Q)|h(P) <M}

1S a finite set.
Proof. Let X = |M|. Then there are 2X + 1 integers in the interval [—X, X]| for the
numerator, including zero. Then the denominator can take on X different positive values.

Thus, an upper bound for the number of rational points satisfying the height criterion is
2X?% + X, so it is obviously finite. O

Lemma 5.4. Let Py € C(Q). Then 3y € R dependent on Py,a,b,c such that
H(P+ Py) <2H(P) + ko, VP e C(Q).
Proof. We start by defining P = (z,y), Py = (zo,y0) and P + Py = (x3,y3). The proof is

trivial for Py = O, so let P # O. The existence of such a constant follows from assuming
there exists one for all but a finite fixed set. Then you can let

ro = max{H (P + Py) — 2H(P,)},

where i iterates over the finite set, so we get a contradiction. Assume now that P #
{Py,—PF,0} and P = {z,y}. Then we have from Equation (18) and Equation (20) that

A= , r3 =N —a—1z— 0,



_ (y—yo>2 _ (y — y0)° — (z — 20)* (a + = + x0)
T3 = — a4 — T — Ty = 5
T — Zo (x — z9)

We further have that y? — 23 = ax?® + bx + ¢, so the expression for x5 reduces to

Ay+ Ba?+Cx+ D
X =
’ Ex24+Fz+G

for some constants A, B,C, D, E, F,G. By Lemma 5.2, we can transform the expression
into
_ Ane+ Bm? + Ce*m + De?

3= Em? + Fe2m + Get
We have now from Definition 5.1 that the height of x3 is defined to be

H(z3) = max{|Ane + Bm? + Cme® + De'|,|Em? + Fme* + Ge*|}.
Using Equation (26) and Equation (27), we have that
| Ane + Bm® + Cme® + De'| < |Al|n||e| + [Bllm|* + |C||m]le|* + | Dlle|*
< H(P)*(|A|K + |B| + |C| + |DJ), (28)
|Em? 4+ Fme? + Ge'| < H(P)*(|E| + |F| + |G)). (29)

We see that H(P + P,) has an upper bounded equal to H(P)? times a constant. We fix
this constant to be equal e"°. Taking now the logarithms of both sides gives

h(P + Py) < 2h(P) + ko,
which proves the lemma. O

Lemma 5.5. Let ¢(X), ¥(X) be relatively prime polynomials with coefficients in Z. Let
d = max{deg(¢(X)),deg()(X))}, then we have that
a) There is an integer R > 1 depending on ¢, v, such that for all ™ € Q, we have that

(o0 (2) s ()

b) There exists a constant k1 such that for all > € Q, where 1) (%) # 0, we have that

)

dh(m/n) — ky < h (

Proof. We start by proving a). Both ¢ and ¢ are polynomials of degree at most d, so
nde(m/n) and n%p(m/n) will both be integers. we have without loss of generality that
deg(¢) = d and deg(¢)) = e < d. Then we have that

ntp(m/n) = agm? + ... + agn?,

n®p(m/n) = bymn®¢ + ... + bn’.

¢(X) and (X)) are relatively prime in Q[X], so they generate the unit ideal. That is, we
can find polynomials F'(X) and G(X) such that

P(X)F(X) +¢(X)G(X) = L. (30)



We can now scale F'(X) and G(X) with an integer A such that both AF(X) and AG(X)
have integer coefficients. Let D = max{deg(F'(X)),deg(G(X))}. Evaluating Equation
(30) at m/n and multiplying by AnP*+? gives that

(n”AF(m/n)) (n’¢(m/n)) + (R AG(m/n)) (n"¢(m/n)) = AnP*.

Now let y(m, n) be the greatest common divisor of n?¢(m/n) and n)(m/n). Since those
two are both integers, we know that ~ also divides AnP”*¢. But the integer R that is
divisible by ged (ndgb(m /n), nép(m/ n)) is supposed to be independent of n. Observe next
that since v divides n?¢(m/n), it also divides

AnD-‘rd—l :A(Ioman+d_1 +Aa1md_1nD+d+...—i—AaanHd_l.

Every term except the first one on the right hand side contains AnP*?. Since ~ divides

AnP*4 this implies that vy divides AagmnPT4~1. It follows that ged (AnP+e, AagminP+41) =
ay for some integer a. Since m and n are coprime, we get that v divides Aagn”*?~1. Re-
peating this argument once more gives that « divides Aa2n?+9~2 so continuing repeating
the argument results in v dividing AaD T4 50 a) is proved.

b) As in the previous lemma, we can discard a finite set of points, so let m/n be a
rational number that is not a root of of ¢(X), so the denominator is nonzero. We first
prove the lower bound. From a) we know there is a fixed integer R that divides the
greatest common divisor of n¢(m/n) and n%p(m/n). From this we have that

1
H(@(2P)) 2  max{[n’g(m/n)l, [n"b(m/n)|} = 5= (In“é(m/n)] + [n“b(m/n)]) . (31)
Further we have that H (%) = max{|m|?, |n|?}. Dividing (31) by this expression gives
that

H(z(2P)) _ 1 (In“e(m/n)| + [nd(m/n)]) 1 (|¢(m/n)] + [ (m/n)])
H(m/n) = 2R max{|ml|9, |n|?} 2R max{|m/n|¢ 1}
Define the function 0] + 10|
P = (1)

We have assumed that ¢ has degree d and v has degree e < d. If e = d, we have that if ¢
goes to infinity, then
lim p(t) = [ag| + bl

Further if e < d, |by| vanishes and the limit is |ag|. This shows that p(t) is bounded. If
we consider p(t) on a closed interval, we have that p(t) is always positive since ¢ and v
has no common zeros, and thus are never both equal to zero at the same time. Since we
are looking at p(t) on a closed interval, there exists a minimum value C' for p(t). Since
p(t) is strictly positive, C' must be larger than zero. From this we have that

H(z(2P)) _ C
H(m/n)d = R

H(x(2P)) > %H(m/n)d.



Now taking the logarithm of both sides gives that

h(z(2P)) > dh(m/n) — k1, (32)

where k1 = log %.

Lemma 5.6. There exists a constant k dependent on a,b,c such that

H(2P) > AH(P) — k.

Proof. Asin Lemma 5.4, we can discard a finite set of points, because we can fix a constant
k by iterating over them. Therefore discard all P such that 2P = 0. Let y* = f(z). Now
using the duplication formula, we have that

B (f'(x))* = (8z + 4a) f (z) ' —2bx® — 8cax + b? — dac
2(2P) = 4f(x) © 4a3 4 4ax? 4+ 4bx +4e

Since 2P # 0, we have that the denominator is nonzero, so z(2P) is the quotient of two
polynomials in x with integer coefficients. Since it is assumed that the elliptic curve is
non-singular, we know that f(x) and f’(x) have no common roots, so the numerator and
the denominator are coprime. We are left with proving that

h(z(2P)) > 4h(z) — K,
but this follows now directly from part b) of Lemma 5.5. m

Lemma 5.7. Let I' be the group of rational points over an elliptic curve. Then 21" has
finite index in I

Proof. Let
E:y*= f(x)

be an elliptic curve. Since this lemma in general needs some use of algebraic number
theory, I will narrow it down to when f(x) has at least one rational root. Denote one of
these roots by xy. By defining the map

/
y=1yv, r =T — Xo,

we move the root to the origin so that the elliptic curve will get transformed to the
following form
y? = 23 + az® + ba.
Further we have that
T = (0,0)

is a rational point on E, so we get that 27" = 0. It can be shown from Equation (17) that
the new discriminant equals

D = b*(a® — 4b).



Since we assume the elliptic curve to be non-singular, we have that D # 0, so b # 0 and
a? — 4b # 0. We introduce a new curve

C: y2 = 2° + ar? +l_)x,
where @ = —2a and b = a® — 4b. Note that if we apply the same procedure on C, we get
C:y? =2® +a®+br = 2° — 22’ + (@ — 4b)x
= 2% + 4ax® + (40 — 4a® + 16b)z = 2° + 4ax® + 16bz.

By mapping y to 8y, x to 4x and dividing by 64 we get C', so we have that [' = T. We are
interested in the order of the factor group I L 2I". We will therefore define the map P — 2P

by giving a map ¢ : €' — C and 9 : C — C which results in being the duplication map.
Let ¢ : C'— C be defined as

oo == (5 (5 b)>

— _ y
7+ az +br = = (:v +az +b) = —( (a —4b)>
x? x?
y?
26

Then we get that

2
= %(y4 — 2ar*y® + 1'a® — 4bx') = = ((y* — ax®)* — 4bx?)

2 2 2 2

y y y(z” —b

- E((ac3 + bx)? — 4bat) = E(:pﬁ — 2bx* + b*2?) = (%)
=7,

so the map ¢ is defined for all points on C' except 7" and O. The map is completed by

setting ¢(T") = O and ¢(O) = O. This is the kernel of ¢.

Proposition 5.8. Let C' and C' be the following elliptic curves:
C:y* =2° + ax® + ba, C:y=a2®+az’+ b,

where ~
a = —2a, b=a*— 4b, T =(0,0) € C, (33)

a) then there is a homomorphism ¢ from C to C such that

L) pATO
¢(P) — £m27 x2 > 7& )
0 P=0,P=T,

where ker p = {0, T}.

b) As in a), there is a homomorphism 1 : C — c together with the map (z,y) — (% %)

such that . -
7 @b\ p T »
wn:{cw’&@> Prno
P

@] P =0,
The composition ¥ o ¢ yields the duplication formula:

(10 6)(P) = 2P.



Proof. a) It remains to prove that ¢ is a homomorphism, that is

PP +Q)=0¢(P)+(Q) VPQeC.

If P or (Q are equal to 0, then the proof is trivial so assume it is not the case. If both of
P or ) be equal to T', then we must show that

AT +T) = o(T) +¢(T).

But all of the terms equals 0, so it is obviously true. Further, either P or () are equal to
T, say P="T. Then we must calculate P + T

z(P+T):i—Z—$—O—a:w:Z—§:%
y(P+T)—%<x—%)— —%‘z,
so we have that
par— (L),
w(¢(P+T)) = (zbf) = =5 = 2(s(P)),
—by by _p (b — ba? 2 —
oy = C ) e et

x J— J—
O

This shows that ¢(P +T) = ¢(P). Since the group is commutative, the same holds when
P=T.

Now observe that if we have that P = (x,y), then

H(—P) = ol —y) = ((‘7@’) (M)) = () = —o(P).

Now let P,Q and R be colinear points on C'. Then P + @ + R = 0, so we have that
P+ Q = —R. It remains to show that ¢(P), ¢(Q)) and ¢(R) are the intersection points
between C' and some line. Then we would have that
(P + Q) = ¢(=R) = ¢(P) + ¢(Q).
The line that intersects C' is B
Yy = Ar+ i,

where

U\ — b ﬁ_;ﬂ—a,u)\—i-b)\2
1 I '
We show that ¢(P) = ¢(x1,y1) = (T1,77) lies on y = Az + [i:

pA —b (ﬂ)2+ = apA + A (A = b)y? + (4 — apd + A%
]

Ao+ = 5
H My



pA(y: — ax) — b(yr — Axy)(y1 + Azq) + pPad

pry
Ayi — ax?) = b(ys + Axy) + pa?
— 22
Nz3 +bxy) — b(ys + Axq) + pa?
— x%
Cai(Amp 4 p) by yp(af—b)
= 2 = 2 =Y
Ty U

An identical argument shows that ¢(Q) and ¢(R) lies on y = Az + .

_ Now one must show that the x-coordinate of ¢(P), ¢(Q) and ¢(R) are the roots of
(Az +1)? = f(z). As this will require complex analysis, I will not go into this.

b) Recall that

C :y* = 2° + 4az” + 16ba.

The map (z,y) — (z/4,y/8) is clearly an isomorphism from C to C, so combining this
with a), we have shown that ¢ o ¢ is an homomorphism from C' to itself. It remains to
show that 1) o ¢ yields the duplication formula. From Equation (22) and Equation (23)
we cancel the terms containing ¢ and we get that

op — xt — 202% + b? 25 — 2ax° + 5bat — 5b%x? — 2ab’x — b3
- 4qy2 ’ 8y3

= ((362 —0)? (@ = b)(y' — (a® - 4b)x4))

4y2 ’ 8y3x2

Recalling that

we have that

x
2_p\2 y@?-b) [ [y 2 2
(y(xw2 )) L= &) — (e —4b)
2 2 ! 2 2
1(#) (%)

_ <<l”2 —b)? (2 = b)(y' — (a* — 45);54)

42 7 8y3x?
(22 = b)? (2? — b)(z* + 2ax® + 6bx?* + 2abx + b*
h 4y 8y?3 =2k

Similarily, we show that ¢ o ¥(Z,y) = 2(Z,y):



-
)
_—

B ((52—5)2 (7% — b)(z* + 2az® + 6bT? + 2abx ) _ 9P
- 1 7 o -

This means that we have the curves
C:y? =2*+ax® + bz, C:y? =2+ ax® + be,

where
a=—2a, b=a%—4b,

with the following homomorphisms
¢:C—C, p:C — C,

such that ¢ o : C — C and ¢ o ¢ : C — C are both multiplications by two. It remains
to show that this implies that the index (' : 2I") is finite. The proof can be found on p.
83-86 in [1]. ]

6 The Mordell theorem

Theorem 6.1. (Descent Theorem) Let I be a commutative group. Given a mapping
h:T — |0, 00),

that satisfies Lemma 5.3, 5.4, 5.6 and 5.7. Then T" is finitely generated.

Proof. Since 2I" has finite index in I', we know there is a finitely many cosets. Let

Q = {Qb L) Qn}



denote representatives for each coset such that every point P in I' has a corresponding
coset in (). Then there exists an index i; such that

P—Q; €2l
which is equivalent to

P—Q; =2P.
Further we similarly have

Pl - Qiz = P?a

Pn1—Q;, =2PF,.
Combining these equations we get that.
P=Q; +2Qs +..+2"1Q; +2"P,.
Applying Lemma 5.4 and replacing Py with );, we get that
h(P — Qi) < 2h(P) + k.
Do this for all Q);, 1 <i <n. Then let

kK = max k;.
1<i<n

Now let x be the constant from Lemma 5.6. Then we calculate that
4h(P;) < h(2P;) + k = h(Pj_y — Qi) + k > 2h(Pj—1) + ' + k.
By manipulating this expression we get that

3 1

A(P;) < Sh(P;) = ((Pr1) = (< + r).

If h(Pj_1) > K + K, we get that
3
M(P) < Sh(Pr).

We have now shown that as long as h(P;) < k' + k, there exists a sequence of points
{P, P, ...} such that h(P;) < 2h(P;_;). But if m gets large, we get that h(P;) — 0, so
there must exist some m such that h(P,,) < k' + k.

This implies that every point P in I' can be written on the form
P=a1Q1+ aQs+ ... + a,Qn + 2™ R, (34)

for some integers ay, ..., a, and some point R in I' such that h(R) < ' + k. Hence, I' is
finitely generated. O



7 Rank of elliptic curves

From Mordell’s theorem, we know that
r=72"®%2, ®..o2%,,.
The rank of T' is simply the exponent r of Z. The part
Ly, @ ... DL,

is called the torsion subgroup of I'. The torsion subgroup can be calculated quite easily
with help from the Nagell-Lutz theorem:

Theorem 7.1 (Nagell-Lutz). Let
C:y*=f(x)=2"+ax+b

be an elliptic curve with a,b € Z. If (x,y) is a rational point of finite order, then x,y € Z
and y either equals zero or the square of y divides the discriminant of C.

The proof can be found in [1] and is not in the scope of this thesis. Calculate the
discriminant D of C and consider the possible divisors y of D. The integer roots of
f(z) — y* then becomes a basis for the torsion group.

Example 7.2. The torsion subgroup of C' : y* = x3 — 43z + 166 can be found by first
calculating the discriminant

D = —4-(-43)> - 27-166% = —13 - 2.

Going over the possible divisors and checking for integer solutions of f(x) — y* gives the
following basis for the torsion group

P ={0,(3,4£8),(-5,£16), (11, £32)}.

While the torsion group is simple to calculate, no current general algorithm exists for
computing the rank of an elliptic curve exactly. The current record for finding an elliptic
curve with the highest rank is due to Elkies with rank 28|3|:

Y’ +ay+y = 2> + 2% — 200677624155755265850332082093385427509302303121789565022:

+34481611795030556467032985690390720374855
944359319180361266008296291939448732243429.

We will look at a basic approach for determining the rank of some elliptic curves. We
start by consider the subgroup 2I":

AW=220--- Q2L D272y, - D 2Ly,

We then consider the quotient group I'/2I":

PoZ o oo T Ty
o~ 27 2 Wy 2Ly,




Observe that

i ~

2,

{22, if n; = 0 mod 2.

0, otherwise,

which results in
(F . 2F) — 2r+(# of n; such that n; = 0 mod 2) (35>

Further let I'[2] denote the subgroup of order 2. Let ) € I'[2], then we have that
Q=2aP + - +aP +0Q1+ - +bQ,) =0

This happens when a; = 0 and 2b; = 0 mod n; for all 7. If n;, then we must have that
b; = 0 mod n;. If n; = 2%, then we only end up with b; = 0 mod 2%~!. We see that

#F[Q] — 2(number of nj with n;=0 mod 2) (36)
We then get from Equation (35) and Equation (36) that
(I':2IN) = 2" - #I'[2].

Apart from O, the points of order two corresponds to the points having y-coordinate equal
to zero. It can be shown that

2, if a® — 4b is not a square
#I'[2] = s .
4, if a® — 4b is a square.

From Mordell’s theorem we have that 2I' = ¢ 0 ¢(I'). We then get that
(I':20) = (I': ¢ o p(I)).
Since 2I' C ¥(T') C T, we get that
(T:20) = (T (1))(&(T) : ¢ o o(T)).

Now let A be an abelian group, B a subgroup of A with finite index and ¢ : A — A’ be
a group homomorphism. We then get from group theory that

V(A) A A/B A/B

~Y

»(B)  (B+ker(y)  (B+ker(y))/B - ker(¢)/ (ker(¢)) N B)’

which results in

(A:B)
(ker(v)) : ker(yp) N B)’
Now let A =T and B = ¢(I'). This gives that

o (D) T 9(r))
2D = Ger(@) - ker(9) N (D))

(V(A) - 9(B)) =




We have that T € ¢(I') iff b = a® — 4b is a square, so we have that

2, if bis not a square,

(ker(¢) : ker(y) N (') = {

1, if bis a square

This gives that

. (Ta20) (@) - (T:¢()
Y = = . . (37)

Now let Q* be the multiplicative group of non-zero numbers. Let
Q= {z*lzeQ}.

We then give the following mapping « : I' — Q*/Q* by
1 mod Q*?, P=0

a(P)=<bmod Q*?, P=T
zmod Q% P =(z,y),x#0

It can be shown that « is a homomorphism with the kernel being ¢ (I"), so we have that

Hence, we have that (I" : ¢(T') = #a(T"). If we define the homomorphism @ : ' — Q*/Q*2

similarly, we get that (I' : ¢(I")) = #a(I"). This results in 37 becomming

o — #Q<F)4#6(F) (38)

We will compute the rank from this formula by determining the image of o(I") and @(T).
We know from Lemma 5.2 that (z,y) = (m/e*,n/e?). If m = 0, then a(x,y) = o(T) = b,
so b mod Q*? is in o(T). If d* = a? — 4b, we also have that

—a+d —a—d
r r
(F7t0)er (Frto)er

so «(T") contains (—a + d)/2.

Now assume m,n # 0. Then we have from the elliptic curve that
n? = m® + am?e* + bme* = m(m? + ame® + be?). (39)

It can be shown that m and m? + ame? 4 be* are relatively prime, so it follows that they
are both squares. Let by = ged(m, b), then we can write

m = blml, b= blbg, with gcd(ml, b2> = 1, my > 0.
Substituting this into 39 gives

n? = bimy(bym? + amye® + boet)



It follows that by |n, so n = byny, which gives that
n} =my(bym; + amye® + bae').

We further have that m; and bym? + amye? + bye? are coprime, so they are both squares.
Let ny = M N such that

M2 =m N2 = blm% + am162 + 6264,
which can be narrowed down to the equation
N? = b M* + aM?e* + bye®. (40)

This means that if you have (x,y) € I', we have that

byM? b, MN
(z,y) = :

e? e3

We can now find the order of «(I') by finding all the different factorizations of b into by bs.
For each factor, consider b mod Q*? and b; mod Q*2 such that Equation 40 has a solution
with M # 0. We also have that ged(M,e) = ged(V,e) = ged(by,e) = 1, and assuming
ged(by, my) = 1 gives that

ged(by, M) = ged(M, N) = 1.

Now notice that if we have that a? — 4b = d?, then we have that (—a 4 d)/2 € Q*/Q*%.
From Equation 40 we get that

—aq+ _
N2:< a2 d> M4+aM262—|—( a2:Fd) 64,

which has the trivial solution (M, e, N) = (1,1,0). We will now look at a couple examples
where we determine the rank.

Example 7.3. B
C:y?=2°—u, C:y* =2+ 4u.

We see that b = 1 = (=1)- (1) = (1) - (=1) and a = 0, so by = £1. Observing that
a(T) =b=—1 and a(O) = 1, we get that

a(T) = {£1 mod Q**},
so #a(l') = 2. Further we see that b = 4, so by = {£1,42,4+4}. We have that +4 =
+1 mod Q*2, so the set reduces to {£1,42}. This gives us the following set of equations:
o N2 = M*+ 4et
o N2 = —M*—4¢t
o N2 =2M*+ 2¢t
o N2 = —2M*—2¢4



Since we assume M is nonzero, it is trivial that the second and the fourth equation has
no solutions. The first and the third equation has solutions (M,e,N) = (1,0,1) and
(M,e,N) = (2,1,1) respectively, so #a(T') = 2. Hence, it follows from Equation 39 that
C' has rank zero.

Example 7.4. B

C:y? =2 — bz, C:y* = 2%+ 20z.
As in the previous example we are determining #a(T') and #a(T). We see that by =
{£1, 45}, so we get the following set of equations:

o N2 = M*— 5et
e N2 = —M*+ 5¢t
o N2 =5M*—¢t
o N2 = —5M*+ ¢t

The first and second equation is the same equations as the third and the fourth, only with
M and e reversed. Since we only will find equations such that Me is nonzero, we can
consider only the first and the second equation. Some trial-and-error gives the solutions
(M,e, N) = (3,2,1) and (M,e, N) = (1,1,2) to the first and second equation respectively.
This corresponds to the solutions (x,y) = (9/4,3/8) and (x,y) = (—1,—2). Hence, we
have that

a(T') = {£1, 45} mod Q*?

which is isomorphic to Zy X Zs.
When it comes to a(T), we see that b= a®> — 4b = 20, so
by = {#1,42, 44,45 410, £20}.
Further we have that £4 = +1 mod Q*? and +20 = 45 mod Q*?, so the set reduces to
by = {#1,42, 45, +10}.
Since b = 20 is positive, we see that by and by from the following equation
N? = by M* + bye?
must have same sign. Since they obviously can not be negative, we can reduce the set to
a(T) C {1,2,5,10} mod Q**,
We then see that a(O) = 1, a(T) = 20 = 5 mod Q*2. It remains to check if
N? =2M* + 10¢*

has solutions in integers. By considering the number of factors of two, we have that the
right hand side must have 4k + 1 factors of two for k € Z™, while the left hand side has
2k factors of two for k € N+ {0}. Hence, we have that

a(T) = {1,5} mod Q*?
so it follows that B
#a(l) - #a(l)

2" =
4

=2,

and we conclude that the rank is 1.
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